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Abstract

We prove that when a random field with bounded spectral density satisfies a Donsker type
theorem, its dilated and properly normalised spectral field admits a weak limit. We apply
this result to establish the convergence of partial sums for random fields obtained by filtering
a white noise. In particular we prove the convergence of partial sums for strongly-dependent
fields whose memory does not satisfy the regularity conditions previously met in the literature.
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1 Introduction

A random field X = (X,,), ez is usually said to exhibit long memory, or strong dependence,
when its covariance function r(n), n € Z% is not absolutely summable : > _,.|r(n)| = oco.
An alternative definition relates on spectral properties : a random field is said to be strongly
dependent if its spectral density is unbounded at certain frequencies. These two points of view
are closely related but not equivalent.

Dobrushin and Major (1979) deals with partial sums of subordinated Gaussian fields. They
assume that the Gaussian random field X = (X,,),, ¢z« admits a covariance function of the following

form N
r(h) ~ |h|"*L(A) b — |, O<a<d (1.1)

h— o0 |h,|
where L is a slowly varying function at infinity and b is a continuous function on the unit sphere of
R?, |.| denotes the euclidean norm on Z<. They prove the convergence of the properly normalised

partial sums nF®/2=4[(n) =/ Zg?t:l[]) . ZEZZ‘(]) H(X;, . i,), where k is the Hermite rank of H.

Condition (1.1) is also assumed in Doukhan et al. (2002) where the authors focus on the
empirical process of a linear field having long memory. They prove that the properly normalised
empirical process weakly converges to a degenerated process.

Condition (1.1) is therefore the standard hypothesis met in the literature on long memory
random fields. It generalises the usual long memory hypothesis in dimension 1 : r(h) = h~*L(h)
where 0 < a < 1, h € Z and L is a slowly varying function.

In this paper, we use a general spectral approach to investigate the asymptotic behaviour
of the partial sums of random fields. We obtain some convergence results for a large class of
random fields. In the case of weak dependence, our point of view is different from most of existing
works (for instance the paper of Breuer and Major (1983) which deals with subordinated Gaussian
processes), because these ones make assumptions on the covariance function structure whereas we
choose a spectral approach. In case of strong dependence, we focus on a wider class of fields
than in the standard setting (1.1). We are particularly interested in random fields which admit a
non-isotropic strong dependence, in the sense that they don’t satisfy the following definition.

Definition 1. A stationary random field exhibits isotropic long memory if it admits a spectral
density which is continuous everywhere except at 0 where

F(z) ~ |z]*=b (;) L (é) . O<a<d, (1.2)

where L is slowly varying at infinity and b is a continuous function on the unit sphere in R

Conditions (1.1) and (1.2) are related by a result of Wainger (1965) who proved that if a random
field admits a covariance function of the form (1.1) and if its spectral density is continuous outside
0, then this random field exhibits isotropic long memory according to Definition 1.

One can easily construct non-isotropic long memory random fields. Given &, a white noise with
variance 02 # 0, let X be defined by

Xﬂl,nQ = Z &(klakQ)gnl—k17n2—k2>
(k1,k2)€Z?

where @ is the Fourier transform of a function a € L?([—m,7]?). The spectral density of X is
flx,y) = 02a®(x,y). Now, if a(z, y) = |v + 0y|®, where § € R and —1/2 < a < 0, the field
X is strongly dependent since its spectral density is unbounded at the origin, and this strong
dependence is not isotropic. Moreover, Lemma 1 of Section 3 shows that the covariance function
associated with this spectral density does not satisfy condition (1.1).

We follow the scheme of Lang and Soulier (2000) which relies on a spectral convergence theorem.
In Section 2, we extend this convergence theorem to dimensions greater than 1. Let £ be a d-
dimensional random field having a bounded spectral density. We suppose that an invariance



principle holds for £&. Then we prove that its properly dilated spectral field weakly converges
when the dilatation parameter tends to infinity. This theorem is directly applicable to obtain the
asymptotic law of partial sums of fields obtained by filtering a white noise. These applications
are presented in Sections 3 and 4. In Section 3, we obtain the limit in law of the partial sums of
random processes and 2-dimensional random fields built from a filter which is either continuous
and non-zero at x = 0, or equivalent at this point to an homogeneous function. In the first case
the process exhibits weak dependence or isotropic long memory in the sense of Definition 1 and
we merely find by a different method pre-existing results. In the second case there is non-isotropic
long memory and the results we obtain for the partial sums are new. In dimension 1 we slightly
extend the setting of Lang and Soulier (2000) as explained in Remark 2. In Section 4, we work
with d > 3, situation in which it happens that the spectral theorem of Section 2 is less easily
applicable. We restrict ourselves to some classes of random fields. Firstly we consider random
fields for which the suitable normalisation of the partial sums is n%/2. They are built from filters
continuous and non zero at x = 0 and sufficiently smooth elsewhere. Secondly we present some
non central limit theorems for partial sums with a normalisation stronger than n%/2. Among them
we consider non-isotropic long memory random fields having spectral singularities all over a linear
subspace of R?.

Section 5 contains the proof of Theorem 1 and the appendix recalls some properties of approx-
imations of unity.

2 The spectral convergence theorem

We show that when a random field satisfies a Donsker type theorem, the sequence of its re-
normalised spectral measure converges in a sense defined below.

Let £ := (£ )reze be a real stationary random field. We assume the following hypothesis about
it :

H 1. The stationary random field (§x)yeza is centered and has a spectral density fe bounded by
M > 0. Moreover, the sequence S5 of random functions defined on ]0,00[? by :

[nti]—1 [nta]—1
SS(tr, o ota) =0~ 3" N Gk (2.1)
k1—0 kd—O

converges in the finite dimensional distributions sense to a field B.

The sequence &, admits the spectral representation :
& :/ e <ke>qw (), (2.2)
[_777 W]d

where the control measure of W has density fe. For m > 1, we consider the dilated spectral
measure W,,, the random measure on [—nm; nr]¢ defined by

Wi (A) = n??W(nLA).

Theorem 1. Under H1, there exists a linear application I from L*(R?) into L*(Q, A, P) which
has the following properties :

(i) Vo € L2(RY)  E(1(®))* < (2m)?M||®|[3
(i) 1 (x -1, Tfl) = B(t1,...,t)

(iit) If ®,, is a sequence of functions converging in L?(R?) to ®, then [ ®,(x)dW,(x) converges
in law to I (D).



(iv) If £ is a strong white noise, V& € L*(RY) I(®) = [ ®dWy, where Wy is the Gaussian white
notse measure.

The proof of this theorem is relegated to Section 5.

Remark 1. From (i), we see that I is not necessarily an isometry so that I cannot be viewed
as a stochastic integral. The interpretation of I as a stochastic integral is allowed when £ is a
strong white noise. In this case, B is the Brownian sheet and property (i) corresponds to its
harmonisable representation :

d itix;
eiti — 1
B(tl,...,td):/HTdWO(xl,...,xd).
j=1 /

Theorem 1 allows us to study the asymptotic of partial sums of random fields constructed by
filtering the noise £. We now explain the way we use this theorem. The partial sums of X are :

[ntl]fl [’I’Ltd]fl

Sn(tl,...,td):nid/Z Z Z Xkl,...,kda (23)

k1=0 kq=0

where
an,m,nd = Z CA"(kla R kd)fnlfkl,.“,ndfkd,a (24)

where a(ky,...,kq) are, up to (27)%2, the Fourier coefficients of the filter a € L?([—n,7]%) and
verify
a(@) =Y alky, ... ka)e <k,
kezd

Filter a is directly linked to the spectral density of X by the relation :

Ix (@) = fe(w)a?(z),

if fe is the spectral density of £. In particular, when £ is a white noise with variance o2, one has
2

fx (@) = Fala®(2)].
Then, using the spectral representation (2.2) and the definition of W, :

T d
Sn(t) = a\— HD"(xjvtj)de(x)v (25)
/[nﬂ',nﬂ']d (n> j=1

where _
eiT; [tjn]/n _ 1

D(j,t;) = (e — 1)

Lo, nr)(25)- (2.6)
In order to investigate the convergence of partial sums S, (¢), ¢t being fixed, with the help
of Theorem 1, one has only to study the L?(R?) convergence of a(z/n) H?:I D, (xj,t;). The
convergence of \S,, will then follow according to (#ii) of Theorem 1.
In the following, we use the notation
eitjxj -1

We denote by F% the convergence of the finite dimensional distributions.



3 Partial sums of random fields in dimension d < 2

The following theorem gives the asymptotic behaviour of the partial sums of a 2-dimensional
random field constructed with a filter which is either continuous at the origin or equivalent at 0
to a homogeneous function. The notations are the same as in Section 2.

Theorem 2. Let (&;)rpeze be a stationary random field satisfying H 1. Let (Xk)peze be the
random field defined by (2.4), constructed by filtering & through a and define S, (t) by (2.3) for all
t €10, 00[%.

(i) If the filter a € L*([—m,w]%) is continuous at the origin with a(0) # 0, then, for d < 2,

Su(t) 24 a(0)B(®), (3.1)

n—oo
where B is the limit of the partial sums of & introduced in hypothesis H 1.

(ii) If the function a € L*([—m,w]%) is equivalent at 0 to a homogeneous function a with degree
a €] —1;0[, i.e. VA a(Ax) = |N|" a(z), then, for d <2,

d
n® S, (1) n%o I (&(w) HD(J;i,ti)) , (3.2)

where I is the linear application defined in Theorem 1.

Remark 2. When d = 1, the setting is the same as in Lang and Soulier (2000) ; however, we
slightly extend the results of these authors since when they assume the filter to be continuous at
the origin and bounded elsewhere, we only need the continuity at the origin. Similarly, in (ii), the
filter does not need to be homogeneous on [—m, 7] but only at « = 0.

Remark 3. Filtering a white noise through a filter satisfying the hypothesis in (i) can produce a
weakly dependent random field. It is the case for instance if a is continuous on [, 7]%. It can also
produce long memory, for instance when a is unbounded at one ore several non-zero frequencies.
In this situation, the memory is long as far as the covariance function is not absolutely summable.
But, as expected, this memory, which involves only non-zero singularities of the spectral density,
does not modify the limit obtained under weak dependence.

Remark 4. The form of the limit process in (3.2) is not very explicit in the general setting but
remember that when £ is a strong white noise, the limit process can be written as a stochastic
integral with respect to a Gaussian white noise measure (cf Remark 1).

Remark 5. Condition (i) of Theorem 2 can be satisfied with isotropic or non-isotropic long-
memory. The long memory is non-isotropic for instance when the filter is a tensorial product of
homogeneous filters (this is a particular case of Theorem 5 below when d = 2). Non-isotropic strong
dependence also occurs when the filter is of the form a(x,y) = |z + 0y|*, where —1/2 < a < 0
and 6 € R, 6 # 0 ; indeed, the spectral density of the induced random field does not verify the
assumptions of Definition 1 since it is proportional to |z + 6y|?>®. Furthermore Lemma 1 below
shows that the covariance function of this random field has not the standard form (1.1).

Lemma 1. Let (X; ;)@ j)ezz be a random field whose spectral density, defined on [—m,7]?, is
flz,y) = |z +0y|**, where —1/2 < a < 0 and 0 € R. Then its covariance function does not verify

(1.1).
Proof of Lemma 1. One has

r(h, 1) = /[ - |z + Oy[ 2! g dy.



We restrict ourselves to the calculus of r(h, 6h), for h such that 6h € Z, which suffices to conclude.
r(h, Oh) = / |z + Oy|>* e @+ qudy.
[—m,m]2

We make the change of variable u = x + 0y and v = fy — z. Assume, without loss of generality,
that 6 > 1 ; then one obtains the following new integration domain I; U I U I3 where :

—0-Dr<u<(@®-1r
L =
—2r+u<v <21+ u,

I — -+ r<u<—(0-1)rm
27 —20r—u<v <21+,
I — @-1)r<u<(@+)m
57 —2rt+u<v<220m—u,
and where I; = @ if § = 1. Hence one has
r(h, Oh)

(6—-1)m ) —(0-1)m ) (0+1)m )
:/ |u|2“e“mdu+/ (2u +2(0 + 1)7r)|u|2aem“du+/ (2(0 4+ D — 2u)|u**e™ du
—(6—-1)m —(0+1)m —(0-1)m

(0—1)m 5 9 (6+1)7 9
= 2/ u”* cos(hu)du + 4(6 + 1)7r/ |u]™ cos(hu)du — 4/ ulul”® cos(hu)du
0 (6—1)mw

(6—-1)m
1 (6—1)mh 5 (0+1)7h 9 4 (0+1)7h 9
= 75T 2/ u”* cos(u)du + 4(60 + 1)71'/ |u|** cos(u)du — E/ ulul** cos(u)du | .
0 ( (

(6+1)m

0—1)mh 6—1)mh
The first integral converges to a non-zero limit and the two latest terms converge to 0. Hence

r(h,0h) ~ ch=2*~1, (3.3)

— 00

where c is a non-zero constant.
If the field X has a covariance function of the form (1.1), then, from (3.3), it would verify :

h, 1)
r(h, )~ |(h, D)2 'L(|(h, b((’ >
0 1) v N D70k, D) b
One could then apply the partial sums convergence Theorem of Dobrushin and Major (1979)
which requires the normalisation n®~'/2L(n)~'/2. But Theorem 2 claims that the partial sums of
X converge in law with normalisation n®. Therefore, the covariance function of X is not of the
form (1.1) and X is a non isotropic long memory random field. O

Proof of Theorem 2. We first prove (i) and we restrict ourselves to the proof of the convergence in
law of S, (t), t being fixed. The convergence of the finite dimensional distributions follows easily.
In order to apply Theorem 1 and the scheme explained in Section 2, we have to prove :

2
d d
X
li it Do(zi,t;) —a(0) || D(z;,t,)| dz=o0. 3.4
Tim_ (n)H (25,1)) a“}l (25.1,)| de (3.4)
Let us split the integral (3.4) :
2
X
/Rd @ () TT Patesots) = al0) T DGasoty)| do
Jj=1 Jj=1
2 2
z d d
7/ a(—)HDn(:cj,tj)fa(O)HD(xj,tj) der/ a(0) [ D(x;, )| de
[—nm,nr]d n o1 =1 Ule{\zjbmr} j=1



The latest integral converges to 0, ¢ being fixed, since the function z; — D(z;,t;) is continuous
on R and verifies |D(z;,t;)|* < 217;2, so is integrable on R. For the first integral :

d d 2
/ ( ) H n (25,15 H (xj,t5)| dx <
[—nm,nmr]d j=1 i=1
T 5 d ) d d 2
2/[1171- ] a (H) —CL(O)’ 1_[1|Dn(xj7tj)| dx+2/[n7r ] H n xja H Z‘]’
; j= > j=1 j=1

From Lemma 5 of Section 5, the latest integral vanishes when n tends to infinity. Finally, for the
first integral, the change of variable z:/n — z yields :

2 d d
a(Z) = a(0) 1 1D (. t))1? dw = la(z) = a(0)* [ Finey)(@j)dz,  (3.5)
[—nm,nw]d n i j=

[—m,m]?

with int;)
~ nt .
F[m‘j](xj) =27 nj F[mj](xj), (3.6)
where F), is the Fejer kernel :
1 sin?(naz/2) .
Fo(z) = 4 7 sy e 70 (3.7)
5 if x =0.

If d = 1, Theorem 7 of the appendix can be applied since F[ml] (x1) is, up to a constant, a strong

approximation of unity and because the function |a(z) — a(0)|” is continuous at = 0. Therefore,
according to (6.4), one obtains convergence (3.4). The same argument cannot be applied when

d > 2 because the tensorial product H?Zl F[nt].](xj) is only a weak approximation of unity (cf
Proposition 1 of the appendix). However, when d = 2, the result is still available as proved below.
We split the term (3.5) into :

2
[ 10 = o T] Fu e
—T, T j=1

2
= a(z) — a(0)[? ~m, x;)dx z) —a(0 Fm (z;)dz, 3.8
/w@n' (#) = a(O) T[ Fiot, () +/|w|>an I:I (3.8)

Jj=1

where the sequence (0, )n>0 shall be chosen below and where ||(z1,z2)|| = max(|z1]|, |x2]). From
the continuity of a(z) at = 0, the first term tends to 0 as soon as d,, — 0. Now,

/ H P (&) 9)
||z||>0n
- 2
e -
/ / ) — a(0)? HFW] (25) dx+/ / la(z) — a(0)* T] Fine;) (z5)de
|z1|>6, J—7 |za|>6, J —7 j=1

Both terms are treated in the same way, for example for the first one :

2

/ [>8 /_ la(®) H [m]x7

T

— [ By (a2) ( /|x e —a(0)|2ﬁ[ml](x1)dx1> di,

—T



Proposition 2 of the appendix and Definition (3.6) of F imply :

~ ’7T2
sup Fi(zy) < —.
|z1|>0n il nér%

Hence,

™ 2 2 T
- w21 -
/I - / la(x) — a(0)|2 I | F[ntj](xj)dl” < 52 E/ F[ntg](IQ)b(IZ)sza
T n J—T n ™

j=1 -

where b(x2) = f[fw ] la(z) — a(0)|?dz; is integrable on [—, 7).
One knows, from expression (3.6) of F' and Proposition 2 that
1 s

Ug,n = g F[mz](l‘g)b(l’g)dxz n:;c 0.

Then it suffices to choose §2 = (vi0 V 1)2,”)1/2 where vy ,, is defined like v3;, but with respect to
t;. One actually has lim,, . 6, = 0 and, ¢; and to being fixed, the convergence of each term of
(3.9) to 0 is achieved.

We now investigate the proof of (ii), restricted to the convergence in law, ¢ being fixed. We
use Theorem 1 and prove the following convergence :

2
dz = 0. (3.10)

lim
n—oo [pd

n%a (%) f[Dn(l‘i,ti) —a(x) ﬁD(miati)

We first give some properties of a

Lemma 2.
d
(7) / a?(r)dr < oo, €] / a’(x) H(m;Q A1l)dx < oo.
] R Pl

Proof of Lemma 2. In the case d = 1, the proof can be easily deduced from the case d = 2. Hence
we suppose d = 2. Since a(z) is equivalent to a(x) when x goes to 0, it exists 0 < n < 7 such that
||z]| < n yields a*(z)/a®(z) < 2. Thus,

i i (a)
a?(z)dx = a?(z) ——Ldx < 2 a?(z)dz < .
/|w|<77 ) /w||<17 ( )6‘2(5'3) - /[—m]d (r)de <

As a is homogeneous, using polar coordinates leads to

n 27 2w
/ a’*(z)dx :/ r2a+1dr/ a*(cos 0, sin 0)df = 7720‘+2/ a*(cos 0, sin 0)df.
[zl <n 0 0 0

Therefore, the latest integral is finite and

7r2a+2 2
/ a*(z)dx = / a*(cos 6, sin 0)do < oo,
[—m,m]d 2a+2 J,

that is (i) of Lemma 2.



For (ii),

d
/RddQ(x) H(m;z A1)dx

i=1
oo 2m
= / / r2**1a2(cos @, sin ) ((r-2cos 2 0) A1) ((r~?sin 2 0) A 1) dfdr
o Jo
1 2
< / r20‘+1dr/ a*(cos 0, sin 0)d6
0 0
oo 2m
+ / / r?*t1a2(cos@,sin ) ((r-2cos 20) A1) ((r~?sin=?0) A 1) dodr
1 Jo

The first integral on {r < 1} is finite. For the latest one, on {r > 1}, consider, without loss of
generality, the integral with respect to 6 on [0, 7]. We split [0, 7] in two parts : on {|0—7/2| < 7/4},
sin™?6 < 2 and on {|f — /2| > 7/4}, cos~2 6 < 2, therefore

oS} 27
/ / r2a+1‘d|2(COS 0, sin 9) ((T_2 cos—2 0) A 1) ((T—Q sin 2 0) A 1) df
1 0

) 27
< C/ TQOAdT/ |a|*(cos 0, sin 0)df < oo.
1 0

Consequently, (i¢) of Lemma 2 is proved.

O
We return to the proof of (3.10).
oy ol d 2
“a (- Dy (z4,ti) — a D(x;,t;)| dx <
/]Rd n a(n)}:[l n (i, t;) a(a:)il;[l (z4,t;)| dx
- 5 d d d 2
2 / nta(2) = ()| [T 1Dalwsti) 2do +2 / @ () |[[ Daleirti) — [[ Dlai,t:)| da.
[=nm, ] " i=1 Re i=1 i=1
(3.11)

The following lemma treats the convergence of the first integral in (3.11).

Lemma 3.
T

lim n%a (7) —d(m)‘ZﬁDn(gpi,tm?dm:O
i=1

n—oo

[—nm,nr]d n

Proof of Lemma 3. After a change of variables and thanks to the homogeneity of a, we have :

o [T N §
/[—ym,mf]d " a(ﬁ) —a(x)’ E‘Dn(wi,ti”?d?ﬂ:rﬂ /[

— e
where F int,] is defined in (3.6). Let o < 3 < 0. We split the latest integral in the following way :

d
la(z) — a(@)[* T Fjue,(x;)da,
Jj=1

d
2o —a(z)|? g(xj)dx .
we [ o) ~a@) ] Fe)d (3.12)

Jj=1



Since 8 > « and from Lemma 2, the convergence to 0 of the second integral is proved exactly as
the one of integral (3.9). For the first one, we use the fact that a(x) is equivalent to a(x) at z = 0.
Let us fix e > 0, then there exists ng such that for all n > ny, ||z|| < n” yields

la(z) — a(x)] < ela(z)|-

Thus, for all n > ny,

w2 [ o) = a@) P[] Fw)de < e [ @) [] B (o)
2l|<n et lall<n? i
o %) Gy
< ce/ a”(z e —dx
lall<ni+r i @ sin®(gh)
d 2,.2
1Atz
<cs/ a2(a:)H( S ])dx,
R4 j=1 I‘J

where ¢ is a non-zero constant changing from line to line. The last integral is finite from (ii) of
Lemma 2 and the convergence to O of (3.12) is proved. O

Let us return to the proof of (i¢) of Theorem 2. From (3.11) and Lemma 3, it remains to
prove :

2
d d
lim [ a*(z)|[[ Dn(@i,ti) = [ D(i,ts)| da=o0.
e i=1 i=1
Let us split this integral as follows :
d d 2
/ &) [[] Datwarts) - [[ Dlarts)| do
R i=1 i=1
d d 2 d
:/ @ (x) ([ [ Dn@iti) = [[ D(wi, t:) der/ @ (x) [[1D (), t;)*da.
[—nm,nm]d i=1 i=1 Ui{lzi|>nm} =1

The second integral converges to 0. For the first one, the change of variable x/n — x yields :

2
d d
/ @ () |[[ Dn(zists) = [[ D(ists)| da
[-nm,nn]d i=1 i=1
d d 2
:n2°‘+d/ a*(x) HDn(nxi,t) —HD(nxi,tl) dx
[=m,m]? i=1 i=1
From Lemma 5 of Section 5, one has
d d 2
sup HDn(nxi,ti) - HD(?’LJ]i,ti) =0(n™?). (3.13)
w€[—m7]t ;04 i=1
Since f[*ﬂ'y‘ﬂ']d a%(z)dz < oo, we obtain
d d 2
/ @) |[[ Dn(zists) = [[ D(wists)| da = O(n**T72).
[~ nm ] i1 i1

Since d < 2 and « < 0, this term converges to 0.

10



4 Partial sums of random fields in dimension d > 3

As explained in Section 2, as far as our basic tool, for proving Theorem 2, is the spectral con-
vergence Theorem 1, we need to establish the L2-convergence of a(x/n) H;l:l D, (zj,t;). The
following example proves that this method does not allow us to extend result (3.1), without fur-
ther hypothesis, to dimensions d > 3. The following filter actually satisfies the hypothesis of (4)
in Theorem 2 but the L2-convergence of a(x/n) H;.lzl D, (xj,t;) does not occur. Let filter a be
defined on [—m,7]® by :

a(r,y,2) =1 if |zg| <corifyz=0
=|y|~*z|"“+1 elsewhere,

where 1/4 < o < 1/2 and 0 < ¢ < w. One can prove that this filter is continuous at 0 with
a(0) =1 and that a(x/n) H?:1 D, (xj,t;) has no finite limit in L?([—m, 7]?).

Hereafter, we present two kind of results in dimension d > 3. The first ones relate to random
fields constructed with a filter supposed to be continuous and non-zero at x = 0. Since this
condition is not sufficient to obtain convergence results (as explained above), we suppose that
this filter either is bounded or belongs to a particular class of functions allowing unboundedness.
The second ones relate to random fields which lead to a non central limit theorem. They are
constructed with a filter not necessary continuous at x = 0. It is actually supposed either to be
a tensorial product or to be homogeneous. In this latter case, the spectral density of the random
field can be unbounded all over a linear subspace of R? yielding non-isotropic long memory.

4.1 Random fields constructed by a filter continuous at frequency 0

We first suppose that the filter leading to the field X is continuous and non-zero at x = 0 and
that it is bounded. Then the partial sums S;, of X converge to the limit of the partial sums of &,
in particular to the Brownian sheet if £ is a strong white noise.

Theorem 3. Let (§)peza be a stationary random field satisfying H 1.
Let a € L?[—7, 7| be bounded on [—m,w]¢ and such that a is continuous at 0 and a(0) # 0.
Let (Xk)geza be the random field defined by (2.4), constructed by filtering & through a and
define Sy, (t) by (2.8) for t € ]0,00[?, thus

Salt) ©% a(0)B(),

where B is the limit of the partial sums of & introduced in hypothesis H 1.

Proof. We prove the convergence in law, ¢t being fixed, the convergence of the finite dimensional
distributions follows then easily. We only have to prove that :

d
nlLIr;O ( )HD zj,t; H (xj,t;)| dx=0. (4.1)

We split the above integral as in the proof of Theorem 2 and use the same argument, leading
to the study of the integral

d
/[_TW]J I;IF[M] zj)d

For any fixed t; > 0, F, [nt; ](l'j) is, up to a constant, a strong approximation of unity. From
Proposition 1 of the appendix, H F nt;](2;) is a weak approximation of unity. Since the function
la(z) — a(0)|? is continuous at z = O and is bounded on [, 7|4, Theorem 7 and (6.3) lead to

d
lim [ Ja(z) - a(0)]* || Fint,) (z5)dz = 0.

n—0
j=1

11



O

Now, we restrict ourselves to a particular class of random fields, constructed with a filter
continuous at x = 0 but non necessarily bounded.

Theorem 4. Let (§k)eza be a stationary random field satisfying H1. Let (Xy)peza be the random

field defined by (2.4).
Suppose that the filter a € L?([—n,7|?) is of the following form :

d
CL(Il, s 7xd) =9 (Z /\1xz> )
=1

where the \;’s are real constants and g is a function defined on a compact set of R, square integrable
and continuous at x = 0 with g(0) # 0.
Define the partial sums S, (t) by (2.8) for all t € ]0,00[. Then

fidi
—

Sn(t) 9(0)B(t),

n—oo
where B is the limit of the partial sums of & introduced in hypothesis H 1.

Proof. We have to prove convergence (3.4). We follow the same argument as in the proof of

Theorem 2, leading to the study of :
d d
9<Z>\i$i>—9 HFnt (z;
i=1 j=1

d

9 .

[ ta@) = O [T For(a)de = [
[—m,m]d j=1 [—m,m])d

We suppose, without loss of generality, that A\; # 0 and we make the change of variable u =

T+ Zf=2 i‘—l:ﬂz, while the others variables remain unchanged. Hence,

d

/['n,‘n']d | H [nt;] xj

d d
. i .
</[ ]Ig(Alu) — g(0)]? /[ - Flu,) (u— Z)\lxz> L1 Fineyy (@)das ... dzg | du,
—T,T -, i=2 =2

where [—7,7] is a compact set which contains the integration domain of u. Define

d d
Kn(u) :/[ o F[ntl] (u— Z )\ ) HF[nt] $J diEQ dl‘d,
—, |4 i=2 i=2

one has then to prove that as n — oo,
[ laa) — g P K — 0. (12)

In the particular case when for every i, \; = t; = 1, K,, is, up to a multiplicative constant, the
(d —1)* convolution product of the Fejer kernel F,, with itself. According to Proposition 1 of the
appendix, K, is therefore, up to a constant, a strong approximation of unity on [—T, 7].

Then Theorem 7 concludes the proof, since |g(Aju) — g(0)|? is summable and continuous at

u = 0.
In the general case when some \;’s (or some ¢;’s) are not equal to 1, it is easy to prove that
the above result still holds. O

12



4.2 Random fields with a spectral density unbounded at 0

We first suppose that the filter leading to the field X is a tensorial product. This situation is in
fact very similar to the dimension 1. In the following theorem, the tensorial product is built from
1-dimensional filters corresponding either to (i) or to (ii) of Theorem 2.

Theorem 5. Let (§k)eza be a stationary random field satisfying H1. Let (Xy)peza be the random
field defined by (2.4), where the filter a has the form :

d
a(zy,...,xq) = Haj(zj), (4.3)

expression in which :
e cither a; € L*([—m, 7)) is continuous at 0 with a;(0) # 0
e ora; € L*([—m,7|) is equivalent at 0 to a; where a; is homogeneous of degree aj € | —1,0[.

Define the partial sums S, (t) by (2.3) for all t € ]0,00[¢. Denoting J the set of indexes j
such that a; is homogeneous of degree o; and denoting I the others indexes, one has the following
convergence in law :

d
n(ies @) S (¢ s Ha] I H a;(x;) H (@), t;
j=1

JET JjeET
where I is the linear application defined in Theorem 1.

Remark 6. If £ is a strong white noise, one can write I as a stochastic integral (cf Remark 1 above).
In this case, and when for all j, a;(z) = |z[~* with 0 < a; < 1/2, the limit is the fractional
Brownian sheet :

d it
idi it — 1
nShaeds, @) 24 [ TS aw(a),
R4 1

; . Lo
n— oo i zz]|x]| J
where W, is defined in Remark 1.

Proof of Theorem 5. The convergence of the finite dimensional distributions follows from the con-
vergence in law, ¢ being fixed. In order to apply Theorem 1, we have to prove :

d d
7}1—>H<>lo Rd e j];[1aj (%) n(@, 1 H a;(0 H a;(x;) H (j:t; =0

JjeT j=1

This result is not difficult to obtain by inference, using the decomposition :

AB—CD = (A—C)(B-D)+(A-C)D+ (B—-D)C.
O

Theorem 6 below relates to non-isotropic long memory fields whose spectral density is singular
all over a linear subspace of R%.

Theorem 6. Let (§i)eza be a stationary random field satisfying H1. Let (Xi)eza be the random

field defined by (2.4).
Define the partial sums S, (t) by (2.3) for all t € |0, oc[.
Suppose that a has the following form :

[

)

d
= g Ai;
i=1

13



where —1/2 < a < 0 and the \;’s are real constants. Then,
-Ifd <3,

n®Sy(t) nﬁd:o ( HD i, ti ) , (4.4)

where I is the linear application defined in Theorem 1.
-Ifd>4 and —ﬁ < 2a < 0 then convergence (4.4) holds.

Proof. We have to prove :

2c d d 2
lim HD (xz,t)—HD(x“t) dr =0
i=1 i=1
We split this integral in the following way :
d 2c d d 2
Re i1 i=1 i=1
d 2a d d 2 2c d
= /[ . Z)\i'l:l HD,L(zi,ti) — HD(zi,ti) dx —|—/ o) Z/\ x; H |D(z,t;)|*d.
—nmT,nm i=1 i=1 i=1 Ui |xi|>nm

The second integral tends to 0 ; for the first one, the change of variable x/n — x yields :

d d d
/ HD ZL'“ HD .Z‘l,
—nm,nm]d i—1 i bt}
d 2a d d 2
2a+d/ Z)\ x; HD (nx, t;) HD(nx“t) dz. (4.5)
(=, =1 =1 i=1

We now define the following set :
2c

A, =S z¢€[-nn > n" where v < 1 — 2«

d
E i
i=1

Denoting A, the complementary set of A, in [—, 7], we split (4.5) according to A, and A,.
Lemma 5 of Section 5 claims that

2

/[ . T Dutesoty) = [[ Do ty)| do =0,
—nm,nmT j i

hence 2

/ HD (nxj,t; HD (nzj,t;)| do = O(n_d_l)' (4.6)

[—7r,71']d N
Thus :

2a d d 2
n2a+d/ Z)\ i HDn(nx“tl) — H D(nx“tl) dx
An i=1 =1 =1
d d 2

S n2o¢+d+’y / H
77T,7!'}d

i=1 i=1

14



Since v < 1 — 2« this term tends to 0 when n — oo.
It remains to study integral (4.5) on A,,. From (3.13)

n2oz+d /
A

After a change of variables,

d
i
I

i=1
where ¢ is a positive constant. In order to obtain the convergence to zero of the right hand side
of (4.7), we need

2

dr < O(n2a+d—2)/
A’IL

2a
dx.

2a d d

HDn(mﬁ,ti) - H D(nw;, t;)

i=1 i=1

d

i=1

d

i=1

n

(4.7)

2a
n22a
der = / |u|20‘du/ dzo...dxg=c n%(2a+1)7
[—m,m]d-t

e
—n2a

4 2a
/ Z Nizi|  dx = o(n?*~172%),
An [i=1
which is satisfied if -
Z(2a+1)72+d+2a<0. (4.8)
If d = 3,
%(2@—}—1)—1—2&—&-1 <0e 7> -2

and (4.4) is proved by choosing 7 in | — 2a; 1 — 2a].
When d > 4, condition (4.8) is fulfilled if

which is possible as soon as —ﬁ < 2a < 0, according to the initial condition on ~.

5 Proof of Theorem 1

Let’s start with a first lemma stating the measurability of the field B in H 1.
Lemma 4. Under H1, the field B is measurable and separable.

The proof of Lemma 4 is relegated to the section 5.1.
We follow the scheme of Lang and Soulier (2000) whose proof deals with dimension 1. Let us
define B,, on R? by :

d eitjzj _ 1
B, (ty,...,tq) = / ———dWy(x1,...,xq). (5.1)
[—nm, nn]d j=1 2]

The integral is well defined since the integrand, being the Fourier transform of 1o ¢,)x...x[0,t,]
in L2(R?), is square integrable.

The spirit of the proof consists in defining the stochastic integral with respect to B, in L?(R%).
Then we write it in a form easily adaptable, via convergence arguments, to the random field B.
This finally permits to define I.

15



The density of W, is f,(z) = f(n~'z) (x € [-nm,n7]¢) where f is the spectral measure of &.
As f is uniformly bounded by M, so is f,. Given t; € R and z; € R, one has, with the help of
Definition (2.7) of D

d

E(Bnm,...,td)%—/[ T 1D, )12 fo () de

—nm, nw|d j=1

<MH/ D(zj,t;)dx;
<MH4|t |/ COb“d <cH|t , (5.2)

j=1

where c is a positive constant which may change in the sequel.
We first prove the convergence of the finite dimensional distributions of B,, to those of B. One
can rewrite S§ of (2.1) in the following form :

[nt]—1

S _ . —d/2 / i<k; I>dW
=n Z e (x)
[nt]fl
— n—d Z / €i<k; x/n> de(l')
k=0 [-nm, nmld

[nt;]—-1

Z ezk7z,/n de(.’L‘)

kj=0

B /[\nﬂ7 nm|d H
J

d
n-t
=1
d
Dy, (xja tj) dWy (),
j=1

[

with D,, defined by (2.6).
Hence,

E(By(t1,...,ta) — S5(t, - .. 7td))2

d

N /[nﬂ', nm)d 1:[1 x]’

J

n(zj,t5)| fa(z)dz. (5.3)

H::]&

The sequence of functions f,, is uniformly bounded by M, thus, by Lemma 5 below, we obtain
the convergence of (5.3) to zero. This convergence, joined with hypothesis H 1, yields the finite
dimensional distributions convergence of B,, to B.

Lemma 5. We have the following rates of convergence :

d

sup H (2,5 H Dezj,t;)| <O(n™?) (5.4)

z€[—nm,nm]d

j=1
2
d d
/[ . H n ().t H (zj,t;)| dz <O(n™t) (5.5)
—nm, nw]? | =1

16



Proof of Lemma 5. For any fixed ¢t and for |z| < nx :

iz[tn]/n __ 1 itz _ q
IDaa. )~ D) = | =

n(e@/n — 1) iz
) 1 1 eiz[tn]/n _ eltz
< ix[tn]/n 1 - - =
< | ) n(ei/n —1) iz * iz
iz[tn]/n _ itz
] P |
= Tn(e/n —1) iz iz

On one hand we have :

1 12

iz —n(efr —1)2
n(ets —1) dz|

3
4n22? sin”(5%)
(z —nsin(£))? + n?sin* (L)
3
4n22? sin”(55%)
sin®(2) (£ —sin(2))?
x? 43:281112(2%)

The first summand is not greater than 1/(4n?) and the second one is an even function of u = x/n

which belongs to [—, 7] ; furthermore,

— si 2 1 1Au? 1
%S?%SCT Vu € [0, 7],
4n2u?sin®(g) — n? 4sin®(3) n
where 1 A u* = min(1,u?). Hence,
1 121

On the other hand,

IN

Hence,

1
sup  |Dy(x,t) — D(x,t)[* <O <2) .
zE[—nm,nm)
Moreover, (f,) is uniformly bounded, so

| 1Dut) - Do) rain <0 ()

—nm

nm

folz)dz < O <1) — 0.

—
o n n—00

Inequalities (5.8) and (5.9) prove Lemma 5 for d = 1. Now when d = 2
sup  [Dp(z1,81) Dy (2, t2) — D(w1, t1) D (w2, t2)]?

z€[—nm,nm]?

<3 sup |Dp(wi,t1) = D(x1,t)? sup  |Dn(w2,t2) — D(a,12)[°

z€[—nm,nn)? z€[—nm,nn)?
+3  sup  |Dp(xi,t) — D(x1,t1)]>  sup  |D(xo,t2)]?
z€[—nm,nm]? z€[—nm,nm]?
+3 sup |Dn(5627t2) —D($2,t2)|2 sup |D(I1,t1)|2.
z€[—nm,nm]? z€[—nm,nm]?
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For fixed ¢, D(.,t) is bounded, from (5.8) we obtain the first inequality of Lemma 5. It is easy
to extend this proof to d > 2.

The proof of (5.5) is similar, changing the sup norm for the L!-norm. O

Let us return to the proof of Theorem 1. For every & in L%(Rd), we denote by d its Fourier
transform defined in such a way that the transformation ® +— @ is an isometry. Let us consider
the linear mapping from L?(R%) into L?(Q2) which transforms & into (27)%/2 [ ®dW,,.

Applying this mapping to the function 1jg¢,jx...x[0,t,], We obtain (5.1). It remains to interpret
By(t1,...,tq) as [Ljo4,]x...x[0,t4dBn(t) and to extend this stochastic integral to ® € L?(R%).
This leads to

/ ®(t)dB,(t) = (2m)Y/? / & (x)dW, (x). (5.10)
R4 [—nm, nr]d

We now investigate the convergence in law of this integral. .

Suppose firstly that ® is compactly supported and differentiable. We can then rewrite ® : we
transform

b(21,...,2q) = (QW)*‘W/ B(ty,... tg)et ™ . etaadt, . dt,
Rd
by d successive integrations by parts. The first step is the following :

~ ei(tlml"l‘""i‘tdfd)
R B e
Rd—1 11 4L ER
i(tiz1+-+t i(taxot---+t
OB (ORI | TN
Rd 3151 1X1 1T

— (2m)~¢

the first term vanishes since ® vanishes outside a compact, yielding

P(t i(tizr1+-Ftara) i(taxo+-+tazqg)
(o) = ~(2m) ¢ [ 50 (2 S
R4 8t1 1T 11
= —(2m) "¢ OB(8) € ~ 1 iteawtoottara) g,

Rd 8t1 iZL'l

The next integration by parts gives :

(i)(l;) — (27.‘,)711/ 8(1)(t) ettizit--+taza) ei(tamat+taza)
Rd 8t1@t2 i$1i$2 ixlixg
ei(t3m3+-..+tdxd) eitlzlei(t313+...+tdmd)>
t

ixliaﬁg imliﬁbz

it it
_ (27T)_d/ gtq)g? et 1’%1 —1et 2%2 — 1ei(t3x3+m+tdmd)dt.
Rd 1012 11 1X2

After d similar steps, we obtain

dty...dtg.

) - OB(ty,. .. tq) Lo €% —1
B(x1,...,2q) = (~1)4(2 d/2/ o
(21, yxa) = (=1)%(2m) ra Oty ...0tg i T

According to the stochastic Fubini Theorem, which can be proved in our multidimensional
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setting similarly as in Lemma 3 of Lang and Soulier (2000), one can rewrite integral (5.10) :

/ B(1)dB (1) = (27)4/? / B(@)dW, ()
R

[-nm, nr]d

_ oOD(ty,...,tq) d eitjz; _ 1
= (2 d/2/ -1 d 2 d/2/ ) ) dat | d :
( Tr) [—nm, nn]d ( ) ( 7T) Rd 8t1 . 8td J];[l il‘j W, (IL’)

oOD(ty,...,tq) / d etiti _ 1
= (-1t [ /== [[———dw. dt
(=1 /Rd Oty ...0tg [—nm, na)d 1T ()
, j=1

8<I>(t1 td)
= (=) | g Balts L dty 11
( ) /Rd atl e 8td (tla 7td)dt1 dtd (5 )

Finally, we need a lemma which generalises a theorem of Grinblatt (1976).

Lemma 6. Let (Y, (t))nen and Y (t) be measurable processes defined for t in a compact set K
of RY. Assume that sequence (Yy,(t))nen converges to Y (t) in the finite dimensional distributions
sense. If E|Y,(t)| is uniformly bounded with respect to n € N and to t € K, and if as n — oo,
E|Y,(t)| — E|Y(t)| for all t € K, then, for all continuous map H on L*(K), H(Y,) converges in
law to H(Y).

The proof of this lemma follows the same lines as in Grinblatt (1976) and we omit it. More
details can be found in Lavancier (2003a).

From (5.2), E(B2(t)) is bounded with respect to n and ¢, hence so is E|B,(t)| and moreover
the sequence B,, is uniformly integrable. This, and the fact that B, (t) converges in law to B(¢)
imply that F|B,(t)| converges to E|B(t)|. By Lemma 4, B is measurable hence we can apply
Lemma 6, with Y,, = B,, and K a compact set of R?, to the map H defined by:

a(b(t17 e ,td)
H = T a:; a: DR .
(g) /Rd Oty ...0ty4 g(tl’ ’td)dtl dtq,

with @ differentiable and defined on a compact set. This map is actually continuous on L*(R?).
So, if ® is differentiable and compactly supported, H(B,,) converges in law to H(B). Hence, by

(5.11), [ ®dB,, converges in law to ( Rd 8?1(1) g)tdB (t)dt. Let’s denote I'g the linear application :
0d(t)
I5(®) = (-1)* | ——=—DB(t)dt
(®)=(-1) ra Oty ... 0ty ®)

Now, the set of all differentiable applications defined on a compact set is dense in L?(R?) and the
linear application I5(®) is bounded since

2
pn@) =& ( [ o p)

<lm E ( mBn(t)dt>2

Rd 8t1 ‘e ﬁtd
2
=lim E ((%)d/?/ <i>de> < (2m)IM||®|)% = 2n)iM||®|2.  (5.12)
[=nm, nrn]d

Therefore, by Hahn Banach’s Theorem, I5 can be extended to L?(R?) and (5.12) is still valid
for all ® in L2(R%):
2
E(Ip(®))” < (2m)*M||@][3. (5.13)

We now define the application I of Theorem 1 by :
I(V) = Ip(¥), VU e L*(RY)
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where W is the inverse Fourier transform of W.
We have )
9 . .
E(I(9)° = E (Ip(®))" < (2n)M[|¥|5 = (2n)*M||P|}3,
which is (7) of Theorem 1.
Let us prove (iii). Let ¥ be a function of L?(R%), and a sequence ¥}, converging to ® in
L?(R%). Suppose that for every k, W}, is compactly supported and differentiable. Then,

(i) [ ¥rdW,, converges in law to I(¥y), from Lemma 6
(i) E(I(¥y) — I(¥))*> < M||¥; — ¥||2 — 0 when k — oo
(iii) E([ CrdW, — [ WdW,)? < M||T; — |2, yielding

kliﬁn;omn_,ooE(/ ULdW,, — /\I/de)Q =0.

Hence, the hypotheses of Theorem 4.2 of Billingsley (1968) are satisfied taking Xy, ,, = [ UrdW,,
Xy, =1(¥), X =1(¥) and Y,, = [ WdW,,. Consequently [ WdW, converges in law to I().

If we finally consider a sequence of functions ¥,, which converges to ¥ in L2(R?), we directly
obtain that [ ¥, dW,, converges in law to I(¥).

In particular, taking ¥ = Ti0,t1)x--x[0,ta] :

d d itoo

. etti%ti — 1] .
=) - nlggo/n W@ = Jim Bu(t) = B()
j=1 j=1
which is (i¢) of Theorem 1.

Let us conclude with the proof of (iv) where £ is supposed to be a strong white noise. In this
case, B(t) is the Brownian sheet with covariance o(s,t) = H;lzl t; A sj. Then the norm of the
application I is not greater than 1 from (¢) of the theorem; moreover, the value 1 is achieved by
the particular function considered in (éi). Hence I is an isometry. Let the measure Wy be defined
for all set A by Wy(A) = I(14). It is obviously an orthogonal measure since I preserves the scalar

product. Furthermore
0 < E(Wy(4)) <liminf E (W, (A4)) =0.

n—oo

Therefore we can write I as a stochastic integral with respect to Wy :
Vo € L*(RY) I(®) = /(I)dWO.

Notice that in this simple situation, (¢7) of the theorem gives the harmonisable representation of
the Brownian sheet and W, is the Gaussian white noise measure.

5.1 Proof of Lemma 4

It is known (see e.g. Gikhman and Skorokhod (1965)) that if the field (B(t)),cg« is stochastically
continuous almost everywhere, i.e. for almost every t € R?, ¢ > 0,

lim P (|B(s) — B(t)| > ¢) = 0, (5.14)

s—t

then there exists a measurable and separable version of B(t).
From hypothesis H 1, the joint distribution of (S§(s), S5(t)) converges to the distribution of
(B(s), B(t)). Then, as A = {(x,y) € R?: |y — x| > ¢} is an open set, we have

P (|B(s) — B(t)| > €) < liminf P (|S5(s) — S5(t)| > ¢) . (5.15)

n—oo
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Let us assess E(S§(s) — S5(1))2.

[ns1] [nsq) [nt1] [nta)

BS§(s) — S50 =B (n2 3 .S g-n2 5" .Y &

k1=0  kgq=0 k1i=0  kq=0

We split the domains of summation in the following way
d d
I1 {o, . [nsj]} =11 {o, It A [nsj]} U {[msj] A[ns;] + 1,...,[n5j]},
j=1 j=1

where {[nsj] +1, [nsj]} = (). Developping this latest expression yields

d d—1
H{o,...,[nsj]} -UUTI {o,...,[ntjm[nsj}} II {[ntj]/\[nsj]Jrl,...,[nsj]}
j=1 I=1 ¢! jecl, jecl
d d
UH{[ntj]A[nsj]+1,...,[nsj]}UH{o,...,[ntj} A[nsj}}
j=1 j=1
where C(li covers all the l-uple in {1,...,d} and where CTI is the complementary set of Cfl in

{1,...,d}.
Now, we are able to write S§(s) — S&(¢) thanks to this decomposition : the terms associated
to the latest union above will vanish. In the following sums, we agree that, if [ = 0, then the sum

takes place only on j' € 63 ={1,...,d}.

1 %= [ntj]A[ns;] [ns;/] [nt;]A[ns;] [nt;/]

Si(s) =S **/ZZZ )R D P D DR
=0 ¢! jeC) k;j=0 kj =[nt;/]A[ns;]+1 k;j=0 kj =[nt;/]A[ns;]+1
e
From the convexity of  — x2,
2

) [ntj]A[ns;] [ns,/]

P (S50 S50)° <207 DY Y[t Y 2 2 &
=0 ¢t jech kjr=[nt;/]A[ns;]+1
i ecl
2
[nt;]A[ns;] [nt ;]
Y YE|ery Y > &
1=0 ¢t JECY  kj=0  ky=[nty]A[ns;]+1
i’y
The stationarity of £ yields
2

9 [nt;]A[ns;] [rbé )= [ntj/]/\[nsj/]—l

EICTORE T 3 3c] FREED Dl » 2 &
1=0 ¢ jecl k=0 k;r=0
i ecl
2

[ntj]A[ns;] [ntj]=[nt;/]A[ns;/]—1

SO D SHD S S

1=0 !, jech  k kjr=0
i’edy,
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From this point, let us note that for all pq,...,pq belonging to {0,...,n}

P1 Pd 2 pP1 Pa
E<nd/22...25k) =nt Y > / fe(\)e <K' =R2> g\
(=7

k1=0  kg=0 ki,ki=0  ka,k,=0

P1 Pa
. ’
< Mn~¢ § § e <F=RA> g
ki k=0 ka,kl,=0" =™

d
pj+1
<M .
< ]1;[1 -

Therefore,

d—1
B (S5 - s50)° <S5 [ T [nt] A [ns;] +1 11 [nss] — [n;j] A [nsg]
jecy

n
=0 ci \jeC}

o nt;] A [ns;] +1 nt;] — [nt;] A [ns;
+CZZH[]E1]+ I—L[}[n][]’

=1 ¢y \jeCy jech

where c is a positive constant. Finally

B (S5(s) — S5(1))° <

d—1
CZZ H(Q‘/\Sjﬁ*’ﬂil) H (Sj*lﬁj/\Sjﬁ*?’Lil)ﬁ* H (tjftj/\Sj%*nil)
=0 C}, jeC} jecl ject

The last inequality proves that

lim lim inf £ (S§(s) - 55(1))" =0 (5.16)

because Cié is never empty when [ < d — 1.
Thanks to (5.16), applying the Tchebychev inequality in (5.15) leads to (5.14).

6 Appendix : properties of approximations of unity

In this Section, we summarise some properties of the approximations of unity needed in the proofs
of the above Sections. Some of them are known or obvious, others are particular to the use we make
of them and have not been found in the literature. This is in particular the case with properties of
the tensorial product and the convolution product of approximations of unity. These ones depend
on the nature of the approximations of unity that we consider. Indeed, we will distinguish two
classes : the first one is the approximations of unity in a weak sense (that is the common sense of
an approximation of unity), the other one is the approximations of unity in a strong sense. We
apply these results to the Fejer kernel which is a strong approximation of unity ; we finally resume
some specific properties of this kernel, which are useful in some of our proofs. According to the
final point of view, we focus our study on approximations of unity defined on [—, 7]%.

Definition 2. We say that a function K, : [-m,m|? — R is a weak approximation of unity if
Vn, K, >0, f[77r y K,(z)dr =1 and if

Vo >0, lim K, (z)dz = 0. (6.1)

n—oo |



We say that a function K,, : [-m, 7|9 — R is a strong approximation of unity if ¥n, K, > 0,
f[ ] x)dx =1 and if

V9 >0, lim sup K,(z)dx=0. (6.2)

A strong approximation of unity is obviously a weak one. These functions are mainly used for
the well known following property :

Theorem 7. Let K,, be a weak approzvimation of unity on [—m,w1|%, then for any bounded function
g € LY([—m,7]%), continuous at 0,

lim g(x) Ky, (z)dx = ¢(0). (6.3)

n—=0 J—x,x]d
Let K,, be a strong approzimation of unity on [—m,w|?, then for any function g € L*([—m,w]%),
continuous at 0,

lim g(x) Ky (z)dx = ¢(0). (6.4)

n—oo [77_‘_,7‘_](1

After a tensorial product or a convolution product, the quality of approximation of unity is
preserved in the following way :

Proposition 1. Let K(l) e @ pe approzimations of unity on [—m, 7).
If the KT(L) s are weak approximations of unity, then

1KY sex K (2) is still a weak approzimation of unity on [—m,m|.

2. Pp(x1,...,2q4) = H?Zl K,(Li)(mi) is a weak approvimation of unity on [—m,7]%.
If the Ky(f) ’s are strong approximations of unity, then
1. KW s K@ (x) is still a strong approximation of unity on [—m,x|.
2. Py(x1,...,2q) = H?Zl K,(«f)(xi) is mo more a strong approzimation of unity on [—m, 7|, but

only a weak one.

Proof. The proof is straightforward, see Lavancier (2003b) for more details. Just notice that the
tensorial product of two strong approximations of unity is not necessarily a strong approximation
of unity. Indeed, consider for instance the Fejer kernel F), defined in (6.5) below. It is a strong
approximation of unity, but one has F,(0)F,(r) = 0 if n is even and F,(0)F,(7) = ;& if n is
odd. Property (6.2) is therefore not verified by the tensorial product (z,y) — F,(z)F,(y). O

We now focus more particularly on the Fejer kernel, defined on [—, 7] by

1 sin’(nz/2)
F, () = { 2mn sin®(2/2) itz 70 (6.5)
2 if & = 0.

We summarise some of its properties, useful in the preceding Sections.
Proposition 2. Let F,, be the Fejer kernel defined on [—m,n| by (6.5), then
1. F, is a strong approximation of unity from [—m, 7] into R

2. V6 >0 sup,ss Fo(z) < 57
896 >0 [ s Fa(@)de > gk (m— 64 20
4. Vg € L\([-m, 7)), [7_g(z)F,(z)dz = o(n) when n — oo

5. Let a > —1, then ["_|z|*F,(z)dx ~ cn™® when n — oo, where ¢ is a positive constant.

Proof. The four first points can be easily checked. 5. is proved in Lemma 9 of Viano et al.
(1995). O
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