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1 Introduction

A random field X = (X,,),eze is usually said to exhibit long memory, or
strong dependence, or long-range dependance, when its covariance function
r(n), n € Z4, is not absolutely summable : > . |r(n)| = co. An alternative
definition involves spectral properties : a random field is said to be strongly
dependent if its spectral density is unbounded. These two points of view are
closely related but not equivalent.

Generalizing a hypothesis widely used in dimension 1, most studies on
long-range dependent random fields assume that the covariance function be-
haves at infinity as

h

r@%;g%ﬁﬂﬂMM(mO, O<a<d, (1)

where L is slowly varying at infinity and where b is continuous on the unit
sphere of R?, |.| denoting the /'-norm on RY.

Even if the form (1) is not exactly isotropic because of the presence of the
function b defined on the unit sphere, the long memory is due to the term
|h|~* which depends only on the norm. So we will call isotropic this kind of
long-range dependence. Let us focus on the spectral domain to precise this
notion of isotropy.

Definition 1. A stationary random field exhibits isotropic long memory if it
admits a spectral density which is continuous everywhere except at 0 where

ﬂ@~pﬁﬂ%<i>b($>, O<a<d, @)

|| ||

where L is slowly varying at infinity and where b is continuous on the unit
sphere in R®.
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Conditions (1) and (2) are linked by a result of [Wai65] who proved that
if the covariance of a random field satisfies (1) and if its spectral density is
continuous outside 0, then this random field exhibits isotropic long memory
according to definition 1.

Conditions (1) and (2) are regular ways for a random field to be strongly
dependent. Now, it is easy to build long memory random fields which fail to
satisfy these conditions, either by filtering white noises through unbounded
filters like some special AR filters or by aggregating random parameters short
memory random fields. Besides, non-isotropic long memory fields naturally
arise in statistical mechanics in relatively simple situations of phase transition.

So, the aim of the paper is to give a presentation as complete as possible
of isotropic or non-isotropic long memory random fields.

In the first section, we present families of models presenting different kinds
of long memory with special glance to Ising model and Gaussian systems in
the more specific domain of statistical mechanics.

In the second section, we present a review of the available limit theorems.
The first part is devoted to the convergence of partial sums and the second part
to the empirical process. We present some well-known results concerning the
isotropic long-memory setting : the asymptotic behaviour of the partial sums
investigated by [DM79] for Gaussian subordinated fields and by [Sur82] for
functionals of linear fields ; the convergence of the empirical process for linear
fields proved in [DLS02]. We also give the asymptotic behaviour of the partial
sums and of the empirical process in some non-isotropic long memory cases.
For these new results, we explain the scheme of proof, based on a spectral
convergence theorem. In both situations of isotropic and non-isotropic strong
dependence, we observe, like in dimension d = 1, a non standard rate of
convergence and a non standard limiting process.

2 Modeling long memory stationary random fields

We present two classes of long-memory stationary random fields. The first
class is a straightforward generalization of models now widely used for random
processes (d = 1). The second one comes from mechanical statistics and is for
that reason specifically adapted to dimensions d > 1.

2.1 Filtering and aggregation

Filtering white noises through unbounded filters or aggregating random coef-
ficients ARMA processes are the two main ways leading to long-memory pro-
cesses. Since the pioneer works of [GJ80], [Gra80] and [Hos81], these methods
have been generalized and improved, providing large families of long-memory
one-dimensional processes. See for instance [BD91] for filtered processes and
[OV04] for aggregation schemes. These methods are easily extended to di-
mensions d > 1. In fact they lead to rather close covariance structures, but
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the aggregation method produces only Gaussian random fields. Both provide
useful simulation methods.

Filtering

Let us consider a zero-mean white noise (€, ), cz¢ with spectral representation

€n :/ ei<n7)\>dz()\) ,
[77r777]d

where the control measure of Z has constant density o2/(2m)¢ on [—m,7]%,

and the random field X obtained from e by the filtering operation
X, = / <> 0 (\dZ(N) | 3)
[777)71'](1

where a € L?([—7, 7]4).
The spectral density of the induced field is

Fx(\) = (2‘;)d laN)?, YA€ [-m,7)d, (4)

and long-memory is achieved when a is unbounded at certain frequencies.

Ezample 1 (Long memory ARMA fields). ARMA fields are obtained when
a(N) = %(ei)‘) where P and () are polynomial functions. Denoting by L; the
lag operator for index j , i.e.

Lan17n2~~~7nd = Xn1,~~~7nj—1,nj*1,”j+17--~,nd )

we can write an ARMA field in the most popular way

P(Lla ceey Ld)Xn17...7nd = Q(Lh ceey Ld)enh...,nd . (5)

If P(e*) # 0 for all A € [—, 7], (5) admits a unique stationary solution (cf.
for instance [Ros85] and [Guy93]).

But contrary to the one dimensional case, this condition is not necessary
when d > 1, and there exist stationary fields having an ARMA representation
(5) with P(e**) = 0 at some frequencies \. In this case, the induced field X
exhibits long memory since its spectral density, given by (4), is unbounded.

The following ARMA representation in dimension d = 5 is a trivial exam-
ple of this phenomena :

1
Xn1,--->"5 - g(Xn1—1,n2,m,n5 +Xﬂ1,n2—1,n3,n4,n5 +-- '+Xn1,---,”5—1) = €ny,..n5 -

This representation admits a stationary solution since the filter a(A1, ..., A5) =
(1—Li(eM 4+ ei’\f’))f1 is in L?([—m,7)%), and the induced field X is
strongly dependent because its spectral density is unbounded at A = 0.
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Ezample 2 (Fractional integration). Generalizing the FARIMA processes de-
fined by
(I-L0L)X, =€,

we consider random fields of the form
(P(L17 LRI ) Ld))a an,...,nd - €n1,...,nd I’

where P is a polynomial having roots on the unit circle and where a > 0 is
chosen such that a(\) = (P(e)) " € L?([—,x%).
As an example, consider, for a fixed positive integer k, the model

(I - Lng)aan,nz = €nynz

where 0 < o < 1/2. The spectral density of X is

1 — olMatkA2)|

o2
A, Ag) = —
Ix (A1, A2) 12

)

where o2 is the variance of the white noise e. The field X exhibits non-isotropic
long memory since fx is unbounded all over the line A\ + kAo = 0 and fails to
satisfy (2). Using well known results on FARIMA processes (cf [BD91]) easily

leads to: )
p(h,kh) =Tloc<n J;ja h=+1,42, ...
p(h,1) =0 if 1 £ kh |

where p denotes the correlation function of X. The field X has a non summable
correlation function in the direction ! = kh since p(h, kh) is asymptotically
proportional to h?*~1. Compared to (1), this confirms that X is a non-
isotropic long memory random field.

Aggregation
Let us consider a sequence (X(?),>; of independent copies of the field
P(le ceey Ld)X"h---’"d = €ny,..ng s (6)

where P is a polynomial function with random coefficients such that P has
almost surely no roots on the unit sphere and (€, ),cza¢ is a zero-mean white
noise with variance o2.

The representation (6) admits almost surely the solution :

Xn = Z Cj€n—j (7)

jezd

where (¢;) eza are the coefficients of the Laurent expansion of P~*. The field
X given by (7) belongs to L? if and only if
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S Eles) < oo, (8)
jEZD
and its spectral density is

FO) = (;T)dE 1P~ ()] . (9)

Now, from the central limit theorem, the finite dimensional distributions
of N—1/2 Zévzo Xflq) converge as N — oo to the so-called aggregated field Z

N
1
Zp= lim —> X\, nez’.

This process is Gaussian and has the same second order characteristics as the
X(@’g. In particular, its spectral density is (9) and long memory is obtained

when E }P*I (e”‘) |2 is unbounded.
Ezxample 3. Let us consider, in dimension d = 2, the AR representation
Xom —aXp_1,m —bXpnmo1+abXp_1m-1=¢€nm, (10)
where a and b are independant and where a (resp. b) has on [0, 1] the density
(1 —2)%®y(x), (resp. (1 —z)Pdy(x)), (11)

where 0 < o, 8 < 1 and where @;, j = 1,2 are bounded, continuous at x = 1,

It is easily checked that the above random parameters AR fields satisfy
all the required conditions to lead to an aggregated random field with long
memory (see for instance [OV04]). The spectral density of the aggregated field
Z is a tensorial product and

FOA2) ~ A “ AP~ when A — 0,
where c is a positive constant. Therefore Z exhibits long memory.
Example 4. Consider the AR representation
Xnm — 0Xntkym—1 = €nm , (12)

where k € Z is fixed and where a is a random parameter on [0, 1] with density
(11).

The spectral density of the induced aggregated field Z is unbounded on
the line Ay = k)  since

f()\h)\Z)NC|>\2—k/\1|a71, as A — kM — 0

where c is a positive constant. Hence the long-memory is non-isotropic.
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We present two 2-dimensional models produced by aggregating N = 1000
autoregressive fields with random parameters. The first one (figure 1) is con-
structed according to the scheme of example 3, the parameters a and b having
the same density %s/l —x.

The second model (figure 2) is constructed as in example 4 with k£ = —1
and where a has the same density as above. For both models, an image of
size 100 x 100 has been obtained where, at each point, the realization of the
random variable is represented by a level of gray.

Anisotropy clearly appears in figure 2. The strong dependence only occurs
in one direction and the long memory is non-isotropic. Its periodogram is
unbounded all over the line Ay + A; = 0 and fails to follow (2). Moreover,
its covariance function decays slowly in only one direction and is not of the
form (1). In contrast, in the first model, strong dependence occurs along two
directions, with the same intensity. This is the reason why the phenomena of
anysotropy is less visible in figure 1.

2.2 Long memory in statistical mechanics

Statistical mechanics explains the macroscopic behaviour of systems of parti-
cles by their microscopic properties and provides interpretations of thermody-
namic or magnetic phenomena like phase transition. There is phase transition
when a system is unstable. For instance, it is the case during the liquid-vapour
transition of a gas or when a magnetic material is in transition between the
ferromagnetic and the paramagnetic phase. A rigorous mathematical formal-
ism of statistical mechanics can be found for example in [Geo88]. Our aim
is to underline the strong dependence properties of some systems in phase
transition by focusing on the Ising model and on systems based on quadratic
interactions.

Let us consider a system of particles on the lattice Z¢. The state of a
particle located on j € Z¢ is described by the spin z;, a random variable
with values in a polish space X. The pair potential & = (®; ;); jeza gives the
interactions between the pairs of particles.

A system configuration is an element w = (z;);cza of the space 2 = X2
The energy on each finite set A of Z? involves not only the energy quantity
inside the set A but also the edges interactions:

Ex(w)= Y ®ij(wiay)+ Y Pijlwi,ay) . (13)
{i.jrcA iea
Now, consider on {2 an a priori measure p = ®;czap; (typically p; is the
Lebesgue measure when X = R or a Bernoulli measure when X = {£1}). A
measure p on {2 is called a Gibbs measure associated with the potential @
with respect to p if, for every finite set A, w, and wye denoting the restriction
of w to A and to its complementary set,
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Fig. 1. [top] Long memory random field of a product form obtained by aggregating
random parameters AR fields of the form (10) with a = 8 = 0.5 [bottom-left] Its
periodogram [bottom-right] Its covariance function
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Fig. 2. [top] Non-isotropic long memory random field obtained by aggregating ran-
dom parameters AR fields of the form (12) with k = —1 [bottom-left] Its periodogram
[bottom-right] Its covariance function
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where Z4(wy<) is a normalizing constant.

A Gibbs measure is locally characterized by (14). This formalism, at-
tributed to Dobrushin, Landford and Ruelle, guarantees the coherence of the
conditional distributions.

For a given system, a fundamental question is whether a Gibbs measure
exists or not. Phase transition occurs when there exists several Gibbs mea-
sures. The set of all Gibbs measures is a convex set whose extreme elements
are the pure phases, the other Gibbs measures being mixtures of the pure
phases.

Now, consider the spins’ system equipped with the Gibbs measure as a
random field. When the second order moments exist, we can measure the
memory of the spins’ system via the covariance between two sites ¢ and 7,
r(i,7j) = cov(zi, ;). In the following examples the field is stationary (r(h) =
cov(z;, z;+n)) and presents long-range dependence properties.

p(dwalwae) = e P p(dw) (14)

The Ising model

The well known Ising model has been introduced to study magnetism and
fluid dynamic. The state space is X = {—1,1}, the a priori measure is the
Bernoulli measure 1/2(d_1 4 1) and the potential is restricted to the nearest
neighbors:
Brix; if[i—jl=1
i (@i, z5) = {0 ’ otf|1ervvi|se7
where 3 > 0 is a constant representing the inverse temperature.

In dimension d = 1, there exists a unique Gibbs measure for any g, there-
fore the system is never in phase transition. In dimension d > 2, Gibbs mea-
sures exist and phase transition takes place if 3 is greater than a critical value
B depending on the dimension d (see [Ons44] in dimension d = 2 and [Dob65)]
in any dimension). When d = 2, 3. = 2 In(1 + v/2) ~ 0.441.

Let us consider the covariance function. In their physical approach of the
Ising model, [KO49] and [Fis64] obtain the asymptotic behaviour of . When
8 # B., the covariance function decays exponentially but when 5 = [, the
rate of decay is slow and the covariance is not summable. We have

Al tem Ik i B £ e
r(h) hoo { |h|*(d*2+u) ifg = 3. ,

where k > 0 is the Boltzmann’s constant and p € [0, 2] is a critical parameter
which is 1/4 in case d = 2. The strong dependence at the critical point is
isotropic.

Remark 1. The long-range dependence structure of the Ising model at the
critical point was pointed out in [CJL78] where one can also find others models
exhibiting long memory.
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Remark 2. There exist some models, slightly more complex than the Ising
model, which exhibit long-range dependence without being in phase transi-
tion. This is the case for the XY model and for the Heiseinberg model : they
are never in phase transition when d < 2 but their covariance function in
dimension d = 2 is not summable all over an interval of low temperatures (see
[KT78]).

Homogeneous Gaussian models

The state space is X = R, the a priori measure p is the Lebesgue measure
and the potential is

o _ [ B(3J(0)aF fews) ifi=]
P i) = {5J(i — Jlziz; if ],

where (§ and e are constants representing respectively the inverse temperature
and an external magnetic field and where (J(4));ecze is a positive definite real
sequence with J(i) = J(—i) for every i and ), ;4 J(i) < co. We suppose for
simplicity that e = 0. Contrary to the Ising model, the temperature has no
influence on the appearance of phase transition. The main parameter is the
sequence J, improperly named potential.

This system was studied by [Kn80] and [Dob80]. All the results can be
found in [Geo88]. The pure phases are Gaussian and their characteristics are
directly linked to the potential J via its Fourier transform

JA) = Z J(n)e'<m*> X e [t .

nezd

Theorem 1 (Kiinsch, Dobrushin). Under the above hypotheses on J and
in the case e = 0, the set of Gibbs measures is non empty if and only if

/ JYA)dA < oo .
[771.771.](1

In this case, the pure phases are the Gaussian measures with covariance func-
tion

r(h) = / JHN)e <mA> AN (15)
[771.771.](1
and with mean vector a sequence (un),cze such that, for all k € 74,

Z J(n)ugyn =0 .

Remark 3. In the case e # 0, further hypotheses are needed for the existence
of a Gibbs measure.
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The occurrence of phase transition in the particular case e = 0 can be
deduced from Theorem 1 and is given in the following corollary. Note that,
despite the fact that the pure phases are Gaussian, all Gibbs measures are
not necessarily so. Phase transition can take place with one or several mea-
sures without second moment. Insofar as we are interested in the covariance
function, the corollary is stated in the L? setting:

Corollary 1 (Kiinsch). Under the hypotheses of Theorem 1, there exist sev-
eral Gibbs measures with finite second moments if and only if J has at least
one root in [—m, w]<.

Therefore, when the system is in phase transition, every Gibbs measure
having a finite second moment is strongly dependent. Indeed J~t, which is
the spectral density of the pure phases, according to (15), is unbounded if
there is phase transition.

Ezample 5. In dimension d > 3, the harmonic potential is a simple example of
finite range interaction leading to long-memory random fields. The potential
is defined by:
& if o] =1

ifn=0

otherwise

J(n) =

(=N

and we have

. 1, 1<
JA) =1- Z ﬁe1<””\> =1- y Zcos(/\k)
In|=1 k=1
whose inverse is integrable on [—m, 7] since d > 3. Hence, Theorem 1 guaran-
tees the existence of a Gibbs measure associated with this potential. Moreover
J (0) = 0 and according to Corollary 1, the system is in phase transition and
the second order Gibbs measures exhibit long memory. The long-range depen-
dence is isotropic in the sense of definition 1.

Ezample 6. In dimension d = 2, consider the potential :

[ocjcr 5> if1=pk, k| >1
Ik =141 i =1=0
0 otherwise

where p is a non null fixed integer and « €]0,1/2].
The sequence J(k,pk) corresponds to the autocorrelation function of an
integrated stationary process of order «, from which (see [BD91] )

I'(l+a) 201

N h .
o) , when k — o0

J(k, pk) ~
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This shows the summability of J. Moreover, using the well known properties
of the FARIMA processes,

F ( ) . A 2
ZJ (k,pk)e wr Ut ) ‘2sm (—)
= I'(l+2a) 2
Finally
T A2) = > J(k, DelFMHR2) = N " g (K, ph)elthtpr2)

k,l€72 kez

- 7F2(1 +a) 2 sin 7)\1 ! -
I'(l1+2a) 2

Since a €]0,1/2[, J~! is integrable on [—m, ]2 and the existence of a Gibbs
measure is guaranteed by Theorem 1. In addition, J vanishes all along the line
A1 + pA2 = 0 which shows that the system is in phase transition according to
Corollary 1 and that the Gibbs measures exhibit non-isotropic long memory.

3 Limit theorems under isotropic and non-isotropic
strong dependence

We present some limit theorems for the partial sums process and the doubly
indexed empirical process of long memory random fields.

3.1 Partial sums of long memory random fields

Since the results for isotropic long-memory fields are nearly classical while
those related to non-isotropic long memory are newer and still incomplete,
we split this section in two parts according to the regularity of the strong
dependence. The first one is devoted to isotropic long memory: available re-
sults concern Gaussian subordinated fields and some particular functionals of
linear fields. In the second part, related to non-isotropic long memory, we first
present the spectral convergence theorem on which is based the convergence of
the partial sums. Then we apply it to some non-isotropic long memory fields.

In a third part, we give a tightness criterion for partial sums and we apply
it to situations needed for the doubly-indexed empirical process treated in the
next section.

In the sequel we adopt the notation A, = {1,...,n}? and ! for the
convergence of the finite dimensional distributions.

Convergence of partial sums under isotropic long memory

The first study of partial sums is due to [DM79] who considered Gaussian
subordinated fields presenting isotropic long memory. Then the same results
for some functional of linear fields are obtained in [Sur82] and [ATS87].
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Let us first introduce the so-called Hermite process Z,, of order m which
is the limiting process we shall encounter here.
d eitj (15_1)4_...4_1;"“))

Zm(t) = /Rmd 1_[1 1( O (m))

ZGO (dzM) ... Zg,(dz'™)  (16)

where Zg, is the random Gaussian spectral field with control measure Go. The
spectral measure Gy depends on a parameter o and a function b continuous
on the unit sphere in R? and it is given by

b(‘r—ﬁ—t‘) d
i<t — cos(x; T+t
/ <t, >H J (dx):/11d|$+t|aH1—|x]

[

(17)
When d = 1 (16) simplifies because Gy admits a density proportional to |z|*~!
and in this case

eit(:p(l)+---+z(m)

- (x®
Hlt) = /Rmi(x(l)—i— 2 H\ ‘ W),

where W is the Gaussian white noise spectral field and where x = [, €'*|z|*~ 1.
Let us now summarize the convergence results.

Theorem 2. [[DM79]] Let (X,,)ncze be a zero-mean, stationary, Gaussian
random field. Let H be a measurable function such that

/H(x)e%da::O and /HQ(ar)e%dx<oo.
R R

Denote by m its Hermite rank.
We suppose that (X,,) admits the following covariance function

rth) = -2 )

with r(0) = 1, where 0 < ma < d and where L is a slowly varying function at
infinity and b is a continuous function on the unit sphere in RY.
Then 1
fidi
H(Xy) = c¢mZn(t) , 18
Nd=ma/2(L(N))m/2 ke; (Xi) == cmZm(1) (18)
(N¢]

where Z,, is the Hermite process of order m defined in (16) and where ¢, is
the coefficient of rank m in the Hermite expansion of H.

The following theorem concerns linear fields. The class of functions H is
restricted to the Appell polynomials.
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Theorem 3. [[Sur82] and [AT87]] Let (€y)ncze be a sequence of zero-mean
i.5.d random fields with variance 1 and finite moments of any order. Let
(Xn)neza be the linear field

Xn = E ak€n—k

keZa

where N
ar = |k|"PL(|k|)a <m> , d<28<d(1+1/m) , (19)
where L is a slowly varying function at infinity and a is a continuous function
on the unit sphere in R%.
Let P,, be the m'" Appell polynomial associated with the distribution of

Xo. Then )

fidi
N p | 2 PnlX0) T2 Znlt)

kEA[Nt]

where Zy, is the Hermite process of order m defined by (16) and (17) in which
a=203—d and

Remark 4. Theorem 3 relates to isotropic long memory since condition (19)
implies that the covariance function of X has asymptotically the form (1).

Remark 5. One can find a presentation of the tools for proving Theorems 2
and 3 in [DOTO03].

Convergence of partial sums under non-isotropic long memory

The proofs of Theorem 2 and 3 rely on the convergence of multiple stochastic
integrals. This method fails to work under non-isotropic long memory. So we
turn to a method based on convergence of spectral measures.

Starting from a filter a € L?([—7,7]¢) and a zero-mean random field &
having a spectral density f¢, we consider the linear field

Xn = Z akfn_k , nec Zd (20)
kezd
where a; are the Fourier coefficients of a:
a(A) = Z ape I<kA>
kezd

The filter a is directly linked to the spectral density fx of X by the relation :
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Fx) = feWlaV)* -

First, the partial sums are rewritten using the spectral field W of €. Since
& :/ e <FA>AW () | (21)
(=, w4

if the random measure W,, on [—nm; nx]? is defined for all Borel set A by

Wi (A) = n??W(n"1A) ,

we have
4/2 d 1)\ [tjn]/n _ 1
n > Xk:/[ . ( )H o )de(/\), (22)
k€ Ay nm,nmT -1
where [nt] = ([nty], ..., [ntd]).

Hence, in order to investigate the convergence of the partial sums (22),
it suffices to handle stochastic integrals of the form [ &,dW,, where @, €
L?(R%). This is made possible by the spectral convergence theorem.

The spectral convergence theorem

Let (&k)pezae be a real stationary random field. We work under the following
assumptions :

H1 : The zero-mean stationary random field (£x )z« has a spectral density
fe bounded above by M > 0. Moreover, the sequence of partial sums of the

noise
SEt)y=n""* " &, telo1]*, (23)
kEA[nt]

converges in the finite dimensional distributions sense to a field B.
Theorem 4. Under H1, there exists a linear application Iy from L*(R%) into
L?(02, A,P) which has the following properties :
(i) Vb€ LRY) E(I (@) < (2m)!M||®|3

.. itjAg _
(1) I (Hd e oy ):B(tl,.. ,td)
(iii) If the sequence @, converges in L*(R?) to &, then [ @, (x)dW,(z) con-

verges in law to Io (D).

(iv) If € is i.i.d, then V@ € L3(RY) Io(®D) = [ AWy, where Wy is the Gaus-
sian white noise spectral field.

Remark 6. When £ is i.i.d, B is the Brownian sheet, property (i¢) correspond-
ing to its harmonisable representation

50 = [ T] =t awon

J=1
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and Iy becomes in this case an isometry from L?(R%) into L2(£2, A,P) which
can then be considered as the stochastic integral with respect to W.

In the general case, point (i) shows that Iy might not be an isometry so
that Iy cannot be always viewed as a stochastic integral.

Remark 7. Although our purpose is only to investigate the convergence of the
partial sums, Theorem 4 appears to be a useful tool to obtain the asymptotic
properties of any linear statistic writable in the form [ &, dW,.

Proof. The theorem is proved in [LS00] in dimension d = 1. The details of
the generalization to the context of random fields can be found in [Lav05a],
so we only give a sketch of the proof. Let us consider the field

d eit]‘A]‘ —1

[-nm, nn]d 1)‘j
) j=1

Denoting & the Fourier transform of @, we prove after some integrations by
parts that

A _ (—1)d/ OD(t1,. .. ta)
/{M B0 = oy [ Tt B st
(25)

Besides, B, — S§ converges to 0 in L2, which leads to the finite dimensional
convergence of B, to B. Then, extending to d > 1 a theorem of [Gri76] leads
to the convergence in law of (25) to

(@) = (1) [ o2(t)

—B .
rd Ot1...0tq (£)dt

Finally the linear application Iy of the theorem is defined by

Io(®) = I5(®) , (26)

where & is the inverse Fourier transform of @ in L?(R%) and we have
£\ 2
E (Io(®))* = E (I5(®))
2
< lim E <(2ﬁ)d/2/ stde> < (2m)?M||P||3 ,
[=nm, nn]d

which is (¢) of Theorem 4.

Theorem 4.2 in [Bil68] implies that [@dW,, converges to Io(®). Hence
[ @,dW,, converges to Io(®P) as soon as @, goes to @ in L?(R?). This proves
(ii4).

The particular choice & = Ljo,41]x--x[0,t4] in (26) leads to (ii).
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Convergence of partial sums

In view of the spectral representation (22) and of Theorem 4, for proving the
convergence of the partial sums it is sufficient to check the L2-convergence of
a(x/n). This leads to several types of proofs according to the form of a.

The following propositions focus on filters which lead to non-isotropic long
memory random fields. Their proofs can be found in [Lav05a.

The first result concerns the simplest situation of a tensorial product.

Proposition 1. Let (§)reze be a noise satisfying H1. Let (Xg)eze be the
random field defined by (20), constructed by filtering £ through a filter of the
form :

d
a(Ar, ) = [T as (V) (27)
j=1

where the a;’s satisfy:
a;(Aj) ~|A\;|7%  when A\; — 0,
with 0 < a; < 1/2. Then

d eitj}\j -1

1 Fidi
- x5, 242 g, — |,
/2= (51 ) ke%[:m] E iAj[A ]2

(28)

where Iy is the linear application defined in Theorem 4.

Remark 8. When ¢ is i.i.d, the limiting field (28) is the Fractional Brownian
sheet with parameters (o;, j=1,...,d).
It is well known that, in dimension d = 1, only the spectral behaviour at

0 determines the asymptotic of the partial sums. This result still holds for
d = 2, as stated in the next proposition.

Proposition 2. Let (&)eze be a stationary random field satisfying H1. Let
(Xk)peza be defined by (20), constructed by filtering & through a.

(i) If the filter a € L*([—m,7|?) is continuous at the origin with a(0) # 0,
then, for d < 2,
1 fidi
—7 > X = a(0)B(t) , (29)
kEA[nt]

where B is the limit of the partial sums of € introduced in hypotheses H1.

(i) If the filter a is equivalent at 0 to a homogeneous function a, i.e. for all c,
a(eA) = ||~ a(N), with degree o €]0,1[ such that a € L?([—m,w|?), then,
ford <2,

d

1 Fidi - etiti — 1

/i E X = 1o | a()) H i | (30)
kE€EA[ny j=1 J

where 1y is the linear application defined in Theorem 4.
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Remark 9. When ¢ is i.i.d, the limiting process can be written as a stochastic
integral with respect to a Gaussian white noise measure (cf Remark 6).

Remark 10. Filtering a white noise through a filter satisfying the hypotheses
in (7) can produce a weakly dependent random field, for instance if a is contin-
uous on [—, w]¢. It produces non-isotropic long memory when a is unbounded
since the covariance function is then not absolutely summable. This memory
involves only non-zero singularities of the spectral density and, as expected,
does not modify the limit obtained under weak dependence.

Condition (#7) of Theorem 2 can be satisfied with isotropic as well as with
non isotropic long-memory. The memory is non-isotropic for instance when
the filter is a(A1, A2) = |\ + 0Xa| ™%, where 0 < a < 1/2 and 6 € R, 6 # 0.

Unfortunately, probably due to the spectral method, these results cannot
be extended in dimension d > 3 without further assumptions. We only give
an example of filters unbounded all over a linear subspace of [—, 7%
Proposition 3. Let ()reze be a stationary random field satisfying H1. Let
(Xk)peza be the random field defined by (20).

Suppose that a has the following form :

d
> ek
i=1

where 0 < oo < 1/2 and the ¢;’s are real constants.
Then, as long as

—x

a(N) =

)

1
2 —_ 1
0< a<(d—2)\/1’ (31)
we have
d .
1 Fidi eltidi — 1
—ora Y X =1 a()\)Hii)\j : (32)

kEA[nt] Jj=1
where Iy is the linear application defined in Theorem 4.

Remark 11. The condition (31) on « is a restriction only when d > 4.

Tightness criteria for partial sums

So far, only the convergence of the finite-dimensional distributions of the
partial sums has been stated. In dimension d = 1, a convenient criterion for
tightness is given in [Taq75] from which the convergence in D([0, 1]) follows
easily.

General conditions for tightness in D([0, 1]%) of a sequence of random fields
are given in [BW71]. The following lemma, a corollary of Theorems 2 and 3
in [BW71], is very useful for proving tightness of the partial sums of strongly
dependent fields.
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Lemma 1. Let us consider a stationary random field (Xy)peze and its nor-
malized partial sum process

[’I’Ltl] [ntd]

If the finite-dimensional distributions of S, converge to those of X and if
there exist ¢ > 0 and B > 1 such that for all p1,...,pqa € {1,...,n}

P1 Pa 2 d B
E <d;1 Yoy Xkl’m,kd> <ec (1:{%) , (33)

k1=0 kq=0

then
D([0,1]¢

Moreover the field X admits a continuous version.

The details of the proof can be found in [Lav05b).

In the next section, we study the doubly-indexed empirical process of long
memory random fields and we investigate its asymptotic behaviour for the long
memory Gaussian subordinated fields of Theorem 2 and for the non-isotropic
long memory situation of Proposition 3. For this, we need the convergence
of the partial sums in D([0,1]%) in both settings. Since the convergence of
their finite-dimensional distributions has already been stated, only tightness
is missing, which is the subject of the next results. Their proofs, based on the
tightness criterion presented in Lemma 1, can be found in [Lav05b].

Proposition 4. Under the hypothesis of Theorem 2, the partial sums process

1
H(X
Nd-ma/2(L(N))m/2 Z (Xk)
kEA[Nt]

is tight and convergence (18) takes place in D([0,1]%).

Proposition 5. Under the hypothesis of Proposition 3, the partial sums pro-

cess )
Nd/2+a Z X
kEA[Nt]

is tight and convergence (32) takes place in D([0,1]%).

3.2 Empirical Process of long memory random fields

We study the asymptotic behaviour of the empirical process
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Y Loz — Fl@)] (34)
JE€EA[Y

where G is a measurable function and where F' is the cumulative distribution
function of G(X1), (Xk)reza being a long-range dependent stationary random
field.

Our presentation relates to Gaussian subordinated random fields and to
(non necessarily Gaussian) linear random fields.

In the first situation, we prove a uniform weak reduction principle and
apply it to different situations of strong dependence. We present the conver-
gence of (34) in D(R x [0, 1]¢) when X is Gaussian with isotropic long-range
dependence, generalizing in dimension d > 1 the result of [DT89]. In the non-
isotropic long memory setting, we give the convergence of (34) in D(R x [0, 1]9)
when the random field X is linear, Gaussian, and when the Hermite rank of
]]-{G(Xj)gm} - F(x) is 1.

In the situation of (non necessarily Gaussian) linear random fields a uni-
form weak reduction principle is more difficult to obtain. The only available
results are those proved in [DLS02] where the authors obtain the convergence
of (34) for ¢ = 1, when G is the identity function, and in the situation of
isotropic long-memory.

In each situation described above, the limiting process is degenerated in-
sofar as it has the form f(x)Z(t) where f is a deterministic function and Z
a random field. This asymptotic behaviour of the empirical process is a char-
acteristic property of strong dependence in dimension d = 1. It seems to be
also the case with random fields even if the strong dependence is anisotropic
such as in Corollary 3 below.

Empirical process of Gaussian subordinated fields

The main tool to obtain the convergence of the empirical process is the uni-
form weak reduction principle introduced in [DT89] which allows to replace in
most cases the empirical process by the first term in its expansion on the Her-
mite basis. We present an inequality generalizing this principle to dimension
d > 1. Then we specify the dependence structure of the random field in two
corollaries. The first one refers to the isotropic long-range dependent Gaussian
fields of Theorem 2. The second one relates to non-isotropic long memory. It
focuses on the random field of Proposition 3 which is in addition supposed
here to be Gaussian. The proofs of this section are detailed in [LavO05b].

Let (X,),ecze be a stationary Gaussian random field with covariance func-
tion r such that r(0) = 1.

Let G be a measurable function. We consider the following expansion on
the Hermite basis :

=,
Lig(x,)<a} — F@) = ) ol

q=m

q'x) Hq(Xj) )
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where F(z) = P(G(X1) < z). Hy is the Hermite polynomial of degree ¢ and
Jo(@) = E [Lia(x)<ay Ho(X1)] -

Let

Su(z)= > [1{G<Xj>9} - F(z) -

JEAR

Now, we formulate the inequality leading to the uniform weak reduction
principle. Its proof follows the same lines as in [DT89].

Theorem 5. Let

dy =var [ Y Hu(X;) | =m! Y rm(k—3j) .

JEAN J,k€AZ

If dy — oo, we have, for allm, § >0 and for alln < N,

_ _ w2
P(supdN1|Sn(a:>|>n)scN‘*dN2 Do It =DM . (39)
v JkEA2,

where C' is a positive constant depending only on 1.

If the limit of diy' e 4,
asymptotic behaviour of the empirical process (34) if the upper bound in (35)
vanishes when N goes to infinity.

The first corollary below relates to the Gaussian subordinated fields of
Theorem 2.

H,,(X;) is known, inequality (35) provides the

Corollary 2. Under the above notations, we suppose that the Gaussian field
(Xn)neze admits the covariance function

k

r(K) = [k~ L(k{)b (W) L) =1, (36)

where 0 < ma < d, where L is slowly varying at infinity and where b is
continuous on the unit sphere in R%.
Then

1 D®ERX[0,1]%) Jm ()
Nd=ma/2([(N))m/?2 Z [B{G(Xj)éz} - F(CU)] = ml ()

JEANY

where the convergence takes place in D(R x [0,1]?) endowed with the uniform
topology and the o-field generated by the open balls and where Z,,, defined in
(16), is the Hermite process of order m.
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Proof (Sketch of proof). From (36), as N — oo
By~ NHTO (L)

and
Z |T‘(k _j)lerl _ O(NQdf(mH)aL(N)erl) -l—O(Nd) )
JkEAN

Hence the upper bound in (35) goes to zero for small values of 4.
. -1
Moreover Theorem 2 gives the convergence of d ZjeA[Nt] Hp,(X;) to the

Hermite process, this convergence taking place in D([0, 1]¢) from Proposition
4. Now, J,,, is bounded and so :

In(@)dyt S Ha(X;) TR @) 200 (37)
JEA[NY

The measurability of the empirical process is obtained if D(R x [0, 1]%), en-
dowed with the uniform topology, is equipped with the o-field generated by
the open balls. Finally (37) and (35) give the convergence claimed in the
corollary.

The next corollary focuses on the non-isotropic random field of Propo-
sition 3 based on Gaussian noise. Since this Proposition only gives the limit
distribution of d' > j€Any X, we restrict ourselves to functions G such that
the Hermite rank of (34) is 1.

Corollary 3. Let (€,,)peza be a stationary Gaussian field with a bounded spec-
tral density. We consider the linear field

Xn == Z Ak€n—k , (38)

kezd

where the (ag)’s are, up to a normalisation providing var(X;) = 1, the Fourier
coefficients of

—x

a(\) = , O<a<1/2, (39)

d
>
i=1
where (c1,...,¢cq) are real valued parameters.

We suppose that the Hermite rank of 11c(x, )<z} — F(x) is 1.

If

1
0<2a<m, (40)

then
1 D(Rx[0,1])
/3T Y. (Mox<ey — Fl@) = Li(@)R()

JEAm
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where Ji(z) = E[l{g(x,)<z}X1], and where the convergence takes place in
D(R x [0,1]%) endowed with the uniform topology and the o-field generated by
the open balls.

When € is a white noise, the limiting field is defined by

R(t) = /R a(w)

where Wy is the Gaussian white noise spectral field.

d itj’u,j _ 1

[  aW(u)
- Uy

Jj=1

Remark 12. As in Proposition 3, the condition (40) is not a restriction when
d<3.

Proof (Sketch of proof). From (39), d2 ~ n?t2% when n — oo and
if0<20[<1/2’ Z I-Q(k_j)zo(nd)7
j.keA2
if 1/2<20<1, > r*(k—j)=0@ ).

j,keAZ

Therefore the upper bound in (35) tends to zero if ¢ is small enough. Since
Proposition 3 and Proposition 5 prove the convergence of the partial sums of
X in D([0, 1]¢), the convergence of the empirical process follows.

Empirical process of long memory linear fields

Without the Gaussian assumption, a general uniform weak reduction principle
as in Theorem 5 is not yet available. This has been done in [DLS02] in the
particular case of the isotropic long memory linear random fields of Theorem
3. These authors obtain the convergence of the empirical process (34) for t = 1
and when G is the identity function.

Theorem 6 ([DLS02]). Let € be a zero-mean i.i.d random field with variance
1. Assume that there exist positive constants C' and § such that

|[Eeeo| < C(1+1a)™°, a€R,

and
IE|60|2+[s < 00 .
Let X be the linear field defined by
X, = Z Ak€pn—k , MNE Zd

keZa

with
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where d/2 < a < d and where b is continuous on the unit sphere in R
Then, with Z ~ N(0,1) a standard Gaussian variable,

1 D(R)

i O Lz — Flo)] = cf(@)Z
keA,

where ¢ is a positive constant, F' denoting the cumulative distribution function
of X1 and f = F'.

Remark 15. In [DLS02], the authors actually studied the convergence of the
weighted empirical process

D Yklix,<atens)
keA,

where sup,, maxgea,, (|&n.k| + |[Yn.k]) = O(1). They obtain the same result.

4 Conclusion

All the above results confirm some specificities of the long memory compared
with the short one : particularly a non standard normalisation and a degen-
erated limit for the empirical process. However, the study is far from being
complete and should be extended for instance in the direction of seasonal
phenomena, as it is done in dimension d = 1 ([OH02]), where the correct
approximation of the empirical process might not be based on the first term
of the Hermite expansion.

Finally, all results on the empirical process are a first step towards the
study of U-statistics, Cramer Von Mises or Kolmogorov Smirnov statistics,
and of M and L-statistics. They are the object of a current work.

References

[AT87] F. Avram and M. Taqqu. Noncentral limit theorems and appell polynomi-
als. The Annals of Probability, 15:767-775, 1987.

[BD91] P.J. Brockwell and R.A. Davis. Time Series: Theory and Methods. Springer
Series in Statistics. Springer-Verlag, 1991.

[Bil68]  P. Billingsley. Convergence of probability measures. John Wiley and Sons,
1968.

[BWT1] P. J. Bickel and M. J. Wichura. Convergence criteria for multiparameters
stochastic processes and some applications. The Annals of Mathematical
Statistics, 42(5):1656-1670, 1971.



[CILTS]

[DLS02]

[DM79]

[Dob65]

[Dob80]

Long memory random fields 25

M. Cassandro and G. Jona-Lasinio. Critical point behaviour and proba-
bility theory. Advances in Physics, 27(6):913-941, 1978.

P. Doukhan, G. Lang, and D. Surgailis. Asymptotics of weighted empirical
processes of linear fields with long-rang dependence. Annales de I’Institut
Henri Poincaré, 6:879-896, 2002.

R. L. Dobrushin and P. Major. Non central limit theorems for non-linear
functionals of gaussian fields. Zeitschrift fiir Warscheinligkeitstheorie ver-
wande Gebiete, 50:27-52, 1979.

R. L. Dobrushin. Existence of a phase transition in two and three dimen-
sional ising models. Theory of Probability and Applications, 10:193-213,
1965.

R. L. Dobrushin. Gaussian random fields - gibbsian point of view. In R. L.
Dobrushin and Ya. G. Sinai, editors, Multicomponent random systems, vol-
ume 6 of Advances in Probability and Related Topics. New York: Dekker,
1980.

[DOTO03] P. Doukhan, G. Oppenheim, and M. Taqqu, editors. Theory and applica-

[DT89]

[Fis64]
[Geo88|
[GJ80]
[Gra80]
[Gri76]
[Guy93]
[Hos81]
[Kn80]

[KOA9]

[KT78]

tions of long-range dependence. Birkh&user, 2003.

H. Dehling and M. S. Taqqu. The empirical process of some long-range
dependent sequences with an application to u-statistics. The Annals of
Statistics, 4:1767-1783, 1989.

M. E. Fisher. Correlation functions and the critical region of simple fluids.
Journal of Mathematical Physics, 5(7):944-962, 1964.

H. O. Georgii. Gibbs measure and phase transitions. De Gruyter, 1988.
C.W.J. Granger and R. Joyeux. An introduction to long memory time
series and fractional differencing. Journal of Time Series Analysis, 1:15—
30, 1980.

C. W. Granger. Long memory relationships and the aggregation of dynamic
models. Journal of Econometrics, 14:227-238, 1980.

L Grinblatt. A limit theorem for measurable random processes and its ap-
plications. Proceedings of the American Mathematical Society, 61(2):371—
376, 1976.

X. Guyon. Champs aléatoires sur un réseau. Masson, 1993.

J.R.M Hosking. Fractional differencing. Biometrika, 68:165-176, 1981.

H. Kiinsch. Reellwertige Zufallsfelder auf einem Gitter : Interpolation-
sprobleme, Variationsprinzip und statistische Analyse. PhD thesis, ETH
Ziirich, 1980.

B. Kaufman and L. Onsager. Crystal statistics III: Short-range order in
a binary ising lattice. Physical Review, 76:1244-1252, 1949.

J. M. Kosterlitz and D. J. Thouless. Two-dimensional physics. In
Progess in Low Temperature Physics, volume VIIB, page 371. North-
Holland, Amsterdam, 1978.

[Lav05a] F. Lavancier. Invariance principles for non-isotropic long memory

random fields. preprint. Available at http://math.univ-lillel.fr/ la-
vancier., 2005.

[Lav05b] F. Lavancier. Processus empirique de fonctionnelles de champs

gaussiens a longue mémoire. preprint 63, IX, IRMA, Lille. Avail-
able at http://math.univ-lillel.fr/ lavancier., 2005.



26

[LSO00]

[OHO02]
[Ons44]

[OV04]

[Ros85]
[Sur82]

[Taq75]

[Wai65]

Frédéric Lavancier

G. Lang and Ph. Soulier. Convergence de mesures spectrales
aléatoires et applications a des principes d’invariance. Stat. Inf. for
Stoch. Proc., 3:41-51, 2000.

M. Ould Haye. Asymptotical behavior of the empirical process for
seasonal long-memory data. ESAIM, 6:293-309, 2002.

L. Onsager. Crystal statistics I : A two dimensional model with
order-disorder transition. Physical Review, 65:117-149, 1944.

G. Oppenheim and M.-C. Viano. Aggregation of random parame-
ter Ornstein-Uhlenbeck or AR processes: some convergence results.
Journal of Time Series Analysis., 25(3):335-350, 2004.

M. Rosenblatt. Stationary sequences and random fields. Birkhauser,
1985.

D. Surgailis. Zones of attraction of self-similar multiple integrals.
Lithuanian Mathematics Journal, 22:327-340, 1982.

M. S. Taqqu. Weak convergence to fractional brownian motion and
to the rosenblatt process. Zeitschrift fiir Wahrscheinlichkeitstheorie
und verwande Gebiete, 31:287-302, 1975.

S. Wainger. Special trigonometric series in k-dimensions. Number 59.
AMS, 1965.



